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Two-way ANOVA 
& Blocking

Lecture 8
Biological Statistics III

Ayco Tack

• Two-way ANOVA
❖ ANOVA with two crossed factors

• Blocking
❖ Controlling for the effect of a variable

Outline
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Part I. Two-way ANOVA
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Experimental designs

Factorial designNested design

A1 A2

B1 B2
B3 B4

A1 A2

B1 B2
B3 B4

E1 E2 E3 E4 E5 E6 E7 E8

Factors are crossed. We can have one or 
more replicates for each combination of 

factors (we need two replicates to test for 
an interaction)

Factor B is nested, and each level of B 
only occurs in one of the treatment levels 

of factor A
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Some ANOVA jargon

Situation: We have a quantitative y-variable and we want to know if and how y
depends on one or more qualitative and/or quantitative x-variables

Factor: Qualitative x-variable

Level of factor: Value of the qualitative x-variable

Nested factor: Each level of the factor occurs only in combination with a single level of 
another factor

Crossed factor: Each level of the factor occurs in combination with each level of 
another factor

Covariate: Quantitative x-variable

5

Factorial design:
• We are interested in the effect of more than one factor (i.e. qualitative variable)

• We need replicates for each combination of factor levels

Factorial design

Both A and B

Neither 
A or B

Only A

Only B

For example, we test for the effect of 
two types of drugs. 

AN ADVANTAGE OF THE FACTORIAL DESIGN IS THAT WE CAN

DETECT POSSIBLE INTERACTIONS

Main effect of each factor: the effect of each factor independent of 
(pooling over) the other factors. (Q&K)

The interaction between factors: a measure of how the effects of one 
factor depend on the level of one or more additional factors. The 
absence of an interaction means that the combined effect of two or 
more factors is predictable by just adding their individual effects 
together. The presence of an interaction indicates a synergistic or 
antagonistic effect of the two factors. (Q&K)
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A collection of linear models

For all models, the residual 𝜀𝑖𝑗 or 𝜀𝑖𝑗𝑘 is normally distributed with mean zero and variance 𝜎2

• One-way ANOVA: 𝑦𝑖𝑗 = 𝜇 + 𝛼𝑖 + 𝜀𝑖𝑗 where the 𝛼𝑖 are fixed effects with σ𝑖 𝛼𝑖 = 0 (Lecture 5)

• Model with single random factor: 𝑦𝑖𝑗 = 𝜇 + 𝛼𝑖 + 𝜀𝑖𝑗 where the 𝛼𝑖 are random effects with normal 

distribution with mean zero and variance 𝜎𝛼
2

• Nested mixed model: 𝑦𝑖𝑗𝑘 = 𝜇 + 𝛼𝑖 + 𝛽𝑗(𝑖) + 𝜀𝑖𝑗𝑘 where the 𝛼𝑖 are fixed effects with σ𝑖 𝛼𝑖 = 0, and the 

𝛽𝑗(𝑖) are random effects with mean zero and variance 𝜎𝛽(𝛼)
2

• Two-way fixed effects ANOVA: 𝑦𝑖𝑗𝑘 = 𝜇 + 𝛼𝑖 + 𝛽𝑗 + 𝛾𝑖𝑗 + 𝜀𝑖𝑗𝑘 where the σ𝑖 𝛼𝑖 = 0, σ𝑗 𝛽𝑗 = 0,

σ𝑖 𝛾𝑖𝑗 = 0 for all 𝑗,  and σ𝑗 𝛾𝑖𝑗 = 0 for all 𝑖 hold for the fixed effects (Today)

• Two-way mixed model: 𝑦𝑖𝑗𝑘 = 𝜇 + 𝛼𝑖 + 𝛽𝑗 + 𝛾𝑖𝑗 + 𝜀𝑖𝑗𝑘 where the 𝛼𝑖 are fixed effects with σ𝑖 𝛼𝑖 = 0 and 

the 𝛽𝑗 and 𝛾𝑖𝑗 are random effects with mean zero and variances 𝜎𝛽
2 and 𝜎𝛼 x 𝛽

2 (Today/Next lecture)

The residual is a random effect. In many situations there can also be other random effects. For instance, with 
several data points from each individual, there is an additional random effect associated with the individual.
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Two-way ANOVA

There are two factors and they are crossed Modern life example: Influence of diet and stress 
on weight gain

Factorial design: The factors (diet and stress) are 
crossed because each diet treatment 
(Junk/Regular) occurs in combination with both 
stress treatments (High/Low)

Questions we might ask

• Does diet influence weight gain?

• Does stress influence weight gain?

• Is the effect of stress different for the two 
diets? Is the effect of diet different for the 
two stress levels? Is the effect of stress 
dependent on diet? Is the effect of diet 
dependent on stress?

Approach: We could use planned contrasts in a 
one-way ANOVA, but it is more common to 
analyse these data using a two-way ANOVA

Data from 8 mice per diet/stress combination

8
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Analysis of the diet-stress example

ANOVA table:

Conclusions:

• There is a significant interaction between 
diet and stress 

• Stress has a stronger effect on weight gain 
when combined with junk food than when 
combined with regular food

Note: the main effects and the interaction can 
be seen as planned comparisons

 We begin by inspecting the interaction

 Can we say anything about the main 
effects?

Interaction plot for the diet-stress example

Source df SS MS F P

Diet 1 0.00157 0.00157 32.45 <0.0001

Stress 1 0.00146 0.00146 30.17 <0.0001

Diet x Stress 1 0.00031 0.00031 6.47 0.017

Error 28 0.00135 0.000048

Total 31 0.005
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Limpet reproduction

ANOVA table:

The limpet Siphonaria diemenensis. The density 
of limpets was manipulated in 12 enclosures 

each season (spring and summer). 
From Box 9.4 in Quinn &Keough.

Source df SS F P

Season 1 3.25 17.84 <0.001

Density 3 5.28 9.67 <0.001

Season x Density 3 0.17 0.30 0.82

Error 16 2.91

Total 23 11.61
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Main effects and ANOVA for the limpet data

ANOVA table:

Because the interaction is not statistically significant 
we may try to simplify the model and only include the 
main effects. (Some scientists will do this, others not.)

ANOVA table:

AIC is 35.51 for the full model and 30.82 for the 
simplified model. We prefer the model with the 
smaller AIC.

Observed values and predicted values from 
fitted model with only main effects

Source df SS F P

Season 1 3.25 17.84 <0.001

Density 3 5.28 9.67 <0.001

Season x Density 3 0.17 0.30 0.82

Error 16 2.91

Total 23 11.61

Source df SS F P

Season 1 3.25 20.05 <0.001

Density 3 5.28 10.87 <0.001

Error 19 3.08

Total 23 11.61
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How do interactions look like?

Quinn & Keough, Figure 9.3
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Model criticism

Before accepting a conclusion from a two-way ANOVA, one should perform some 
model criticism. Important things to check for are:

• Dependence between data points: mostly this is a matter of how the data were collected

• Variance heterogeneity: in particular higher variance in groups with deviant means, or shot-gun 
patterns or outliers in regressions

• Normally distributed residuals: but note that these models are quite robust
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Part II. Blocking
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Factorial design with blocks

Blocking:
• We are interested in controlling for noise caused by one factor (that may obscure our 

patterns of interest). In many cases, the variation among blocks may weaken our ability 
to detect differences between the treatments

• Having blocks allows us to remove the variability associated with differences among 
blocks and thereby reduce the unexplained variation (MSResidual), often without an 
increase in overall resources needed for the experiment

• We have replicates for the factor of interest, but not always for the blocked factors
– This lecture we go discuss unreplicated two factor experimental designs, where we have only a single 

replicate for each combination of factors

– Next lecture we will look at blocked designs with multiple replicates for each combination of factors

For example, we are 
interested in the yield of 
four soybean genotypes 

(type A, B, C and D), and we 
want to control for spatial 

variation in the 
environment (which may 

otherwise obscure 
differences in yield among 

the genotypes)

D C

B A

A D

B C

D B

A C

A C

D B

B D

A C

Block 1 Block 2 Block 3 Block 4 Block 5
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Unreplicated two factor experimental design

Experimental or sampling design where one factor is the ‘blocking’ factor and the other is the 
main treatment factor of interest. This design may lead to improved parameter estimates and 

more powerful tests

Note that these two designs are analyzed using the same linear model.

`We recommend that biologists distinguish between the physical design (or structure) of an experiment and the 
linear model used to analyze it´ (Quinn & Keough)

• If  we group the experimental units into blocks with similar background conditions (e.g. by 
being close in space or time), we may explain some of the response variable by the variation 
among blocks (and thereby reduce the residual unexplained variation)

• The origin of the randomized complete block design is in agriculture, where blocks were 
often agricultural fields subdivided into several treatments. Blocks can also represent 
grouping in time (e.g. when there is limited space in a growth cabinet)

• In one type of repeated measures design, the treatments are applied sequentially to the 
whole subject. We can regard the ‘subject’ as being the ‘block’. The order of the treatments 
for each ‘subject’ can be randomized.

16
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Blocking: Controlling for the effect of a variable

Example: We want to know if there are weight 
differences among three genotypes of the 
beetle Tribolium castaneum.

ANOVA table (one-way ANOVA):

Conclusion: No significant differences

Data for 4 beetles from each of 3 genotypes

Source df SS MS F P

Genotype 2 0.00972 0.00486 1.71 0.23

Error 9 0.02557 0.00284

Total 11 0.03529
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Blocking: the Tribolium example

Some observations:

• It looks like there were some differences 
between the series

• We want to control for this variation

• There is only one individual per genotype per 
time period, so we can not test for an 
interaction

• Block is random factor

Lmer analysis:
fm2 <- lmer(DryW ~ Genotype + (1|Series), data=dat)

summary(fm2)

Conclusion: There are differences between 
genotypes

But the data in the example actually came from 4 
different experimental series (4 different points in time)

Data for one replicate per beetle genotype at 
each of the four dates

18
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Blocking: the Tribolium example

• By controlling for experimental series, we 
were able to eliminate the between series 
variation

• This is possible because each genotype was 
present in each series (complete blocks)

• Since there is only one data point per Series 
and Genotype combination, we cannot test 
for the presence of a Series x Genotype 
interaction. However, we could look for it 
graphically in a so-called ’interaction plot’

• We can test for an effect of Series (assuming 
no interaction between Series and Genotype)

An interaction plot

19

Blocking: a butterfly-ant mutualism

Question: We want to know if ant attendance 
influences a larva’s production of droplets (four 
data points per block). We experimentally 
manipulate ant attendance

Data: Mutualism between lycaenid butterfly 
larvae and ants. Larvae (n = 16) of the common 
blue (Polyommatus icarus) were exposed to 
different numbers of attending ants (Lasius 
flavus), and the number of droplets delivered by 
a larva was measured

Method: Blocking can be a good method of 
reducing variation in an experiment. Here, the 
individual larva is a ‘block’.  (Note that if we had 
two treatments, we could think about a paired t-
test)

We now have an unreplicated two-way ANOVA 
design (each larva is tested once at each level of 
ant attendance)
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Blocking: a butterfly-ant mutualism

Question: Is there an effect of ant attendance on 
the delivery of droplets? 

Assumptions: Looking at the data, we decide to 
try a non-parametric test (unequal variances, 
values close to zero may violate the assumption 
of normality).

Test 1: For the overall test we do a Friedman 
ANOVA (which is aimed at unreplicated block 
data):

Code:
Friedman.test(Y,Treatment,Block)

Result:
Χ2 = 17.94, 𝑑𝑓 = 3, 𝑛 = 16, 𝑝 = 0.0005

Conclusion: There is a highly significant influence 
of attendance on droplet delivery

21

Blocking: a butterfly-ant mutualism

Question: Is there an effect of ant attendance on 
the delivery of droplets? 

We may also consider to transform the data:
library(MASS)

boxcox(Drops+0.5 ~ AntTreatm + Larva, data=dat)

fm <- lmer(sqrt(Drops+0.5)~ AntTreatm + (1|Larva), 

data=dat)

Anova(fm) # Testing the significance of the fixed effect

library(lmerTest)

rand(fm)   # Testing the significance of the random 

effect

Result:

Conclusion: There is a highly significant influence 
of attendance on droplet delivery

Final note: We can also model the data using the Poisson 
distribution. This would be a generalized linear mixed 
model (the topic of a future lecture).
fm <-

glmer(Drops~AntTreatm+(1|Larva),family=poisson, 

data=dat) 22
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Was blocking useful?
• The reason for using the same larva in all treatments is 

to control for variation among larvae: some larvae might 
be more generous than others, irrespective of the level 
of ant attendance.

• From a multi-panel plot with the responses of each larva 
to the four treatments, we see that there is a large 
difference among larvae in droplet production, but when 
looking at the individual larvae the correlations with ant 
attendance are roughly similar (especially the lower 
droplet production with high ant attendance). This is a 
reason for using a blocked experimental design.

• Nevertheless, a design with different larvae for each 
treatment also has disadvantages. A blocked design can 
control for variation but it also introduces extra 
complexity.

• To block or not too block? (Q & K, page 285)

– Are the experimental units within blocks more similar 
than experimental units among blocks? If so, blocking will 
reduce residual variation, resulting in a smaller MSResidual

and a more powerful test

– Does the reduction in MSResidual compensate for the loss 
of degrees of freedom?

• We have a trade-off: A blocked design can reduce 
residual variation, but it also introduces extra complexity 
and thereby reduces the degrees of freedom. The 
decision to block is primarily made  on the expected 
amount of among-block variation.

A multi-panel plot with a separate panel for each larva. For each 
larva is shown the relationship between the delivery of drops 
and ant attendance. Note that there is only one replicate for 

each combination of larva and treatment.
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Mixed effects models like lmer fit the model using 
maximum likelihood estimation 

Here is a nice movie on maximum likelihood from StatQuest: 
https://www.youtube.com/watch?v=XepXtl9YKwc

https://www.youtube.com/watch?v=XepXtl9YKwc
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Discussion tomorrow

Preparation for next lecture: 
Read this short (short) blog post on the use of ANOVAs in Ecology

https://dynamicecology.wordpress.com/2014/10/02/interpreting-anova-interactions-and-model-selection/

Dont’t worry if you get confused by the comments in the comment field!

Related reading and information

• Quinn & Keough: Sections 9.2–9.5, 10.1–10.2
• Crawley: Sections 11.2
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https://dynamicecology.wordpress.com/2014/10/02/interpreting-anova-interactions-and-model-selection/

